Abstract. In this paper we consider the λ-model on the Cayley tree of order two. We describe periodic and weakly periodic ground states for the considered model.
Introduction
Each Gibbs measure is associated with a single phase of a physical system [18] . Existence of two or more Gibbs measures means that phase transitions exist. One of fundamental problems is to describe the extreme Gibbs measures corresponding to a given Hamiltonian.
As is known, the phase diagram of Gibbs measures for a Hamiltonian is close to the phase diagram of isolated (stable) ground states of this Hamiltonian. At low temperatures, a periodic ground state corresponds to a periodic Gibbs measure, see [6] , [18] . The problem naturally arises on description of periodic and weakly periodic ground states. For the Potts model with competing interactions on the Cayley tree of order two, periodic ground states were studied in [3, 1, 9 ] (see also [15] ). The notion of a weakly periodic ground state was introduced in [17] . For the Ising model with competing interactions, weakly periodic ground states were described in [11] , [17] . For the Potts model, such states for normal subgroups of index 2 were studied in [12] . For the Potts model, such states for normal subgroups of index 4 were studied in [13] .
On the other hand, it is natural to consider a model which is more complicated than Potts one, therefore, in [7] it was proposed to study so-called λ-model on the Cayley tree (see also [14, 15] ). In that model, many possible interactions (nearest-neighbor) are taken into account. In the mentioned paper, for a special kind of λ-model, its disordered phase has been studied (see [8] ) and some its algebraic properties were investigated. Furthermore, in [10] we have described ground states of the λ-model on the Cayley tree of order two. This model is much more general than Potts model, and exhibits interesting structure of ground states.
In the present paper, we continue an investigation of the λ-model on the Cayley tree of order two and study periodic and weakly periodic ground states for normal subgroups of index 2. The paper is organized as follows. In Section 2, we recall the main definitions and known facts. In Section 3, we study periodic and weakly periodic ground states. Note that our results extend known ones [16, 17] . Hence, the proposed model opens new perspectives in the theory of statistical mechanics over trees.
Preliminaries
Let τ k = (V, L) be a Cayley tree of order k, i.e, an infinite tree such that exactly k + 1 edges are incident to each vertex. Here V is the set of vertices and L is the set of edges of τ k . Let G k denote the free product of k+1 cyclic groups {e, a i } of order 2 with generators a 1 , a 2 , . . . , a k+1 , i.e., let a 2 i = e (see [4] ). There exists a one-to-one correspondence between the set V of vertices of the Cayley tree of order k and the group G k , see [2] , [15] .
We show how to construct this correspondence. We choose an arbitrary vertex x 0 ∈ V and associate it with the identity element e of the group G k . Since we may assume that the graph under consideration is planar, we associate each neighbor of x 0 (i.e., e) with a single generator a i , i = 1, 2, . . . , k + 1, where the order corresponds to the positive direction, see Figure 1 . Figure 1 . The Cayley tree τ 2 and elements of the group representation of vertices For every neighbor of a i , we introduce words of the form a i a j . Since one of the neighbors of a i is e, we put a i a i = e. The remaining neighbors of a i are labeled according to the above order. For every neighbor of a i a j , we introduce words of length 3 in a similar way. Since one of the neighbors of a i a j is a i , we put a i a j a j = a i . The remaining neighbors of a i a j are labeled by words of the form a i a j a l , where i, j, l = 1, 2, ..., k + 1, according to the above procedure. This agrees with the previous stage because a i a j a j = a i a 2 j = a i . Continuing this process, we obtain a one-to-one correspondence between the vertex set of the Cayley tree τ k and the group G k . The representation constructed above is said to be right because, for all adjacent vertices x and y and the corresponding elements g, h ∈ G k , we have either g = ha i or h = ga j for suitable i and j. The definition of the lef t representation is similar.
For the group G k (or the corresponding Cayley tree), we consider the left (right) shifts. For g ∈ G k , we put
The group of all left (right) shifts on G k is isomorphic to the group G k .
Each transformation S on the group G k induces a transformation S on the vertex set V of the Cayley tree τ k . In the sequel, we identify V with G k . The following assertion is quite obvious (see [2, 9] ).
Theorem 2.1. The group of left (right) shifts on the right (left) representation of the Cayley tree is the group of translations.
By the group of translations we mean the automorphism group of the Cayley tree regarded as a graph. Recall (see, for example, [5] ) that a mapping ψ on the vertex set of a graph G is called an automorphism of G if ψ preserves the adjacency relation, i.e., the images ψ(u) and ψ(v) of vertices u and v are adjacent if and only if u and v are adjacent.
For an arbitrary vertex x 0 ∈ V , we put
where d(x, y) is the distance between x and y in the Cayley tree, i.e., the number of edges of the path between x and y.
For each x ∈ G k , let S(x) denote the set of immediate successor of x, i.e., if x ∈ W n then S(x) = {y ∈ W n+1 : d(x, y) = 1} . For each x ∈ G k , let S 1 (x) denote the set of all neighbors of x, i.e., S 1 (x) = {y ∈ G k :< x, y >∈ L}. The set S 1 (x) \ S(x) is a singleton. Let x ↓ denote the (unique) element of this set.
Assume that spin takes its values in the set Φ = {1, 2, . . . , q}. By a configuration σ on V we mean a function taking σ : x ∈ V → σ(x) ∈ Φ. The set of all configurations coincides with the set Ω = Φ V . Consider the quotient group G k /G * k = {H1, . . . , H r }, where G * k is a normal subgroup of index r with r ≥ 1.
Definition 2.2. A configuration σ(x) is said to be G
By period of a periodic configuration we mean the index of the corresponding normal subgroup.
The Hamiltonian of the λ-model [7, 10] has a form,
In what follows, we restrict ourself to the case k = 2 and Φ = {1, 2, 3}, and for the sake of simplicity, we consider the following function:
where a, b, c ∈ R for some given numbers.
Ground States
In this section, we describe ground state of the λ-model on a Cayley tree. For a pair of configurations σ and ϕ coincinding almost everywhere, i.e., everywhere except finitely many points,we consider the relative Hamiltonian H(σ, ϕ) determining the energy differences of the configurations σ and ϕ:
Let M be the set of unit balls with vertices in V , i.e. M = {x, S 1 (x), ∀x ∈ V }. We call the restriction of a configuration σ to the ball b ∈ M a bounded configuration σ b .
We define the energy of the configuration σ b on b as follows
From (3), we got the following lemma. We shall say that two bounded configurations σ b and σ
holds for every configuration ϕ b on b(b ∈ M). 
for any b ∈ M If a ground state is a periodic (resp. weakly periodic, translation invariant) configuration then we call it a periodic (resp. weakly periodic, translation invariant) ground state.
For any configuration σ b , we have Let us introduce some notations. We put
and
It is obvious, that H A is a normal subgroup of index two [15] 
Periodic Ground States
In this section, we describe H 0 -periodic ground states. We note that each H 0 -periodic configurations has the following form:
where σ i ∈ Φ = {1, 2, 3} (i = 1, 2). Proof. Let us consider the following configuration
where i = 1, 2, 3. By C b we denote the center of b ∈ M. Let C b ∈ H 0 , then we have
Hence, ϕ b (x) ∈ C 3 , i.e. if (a, b, c) ∈ A 3 then the corresponding configuration is a ground state. Now consider the following configuration
where |i − j| = 1 Assume that C b ∈ H 0 , the one finds
We conclude that, if (a, b, c) ∈ A 7 then the corresponding periodic configuration ϕ(x) is a H 0 -periodic ground state.
Let us consider the following configuration
where
So, ϕ b (x) ∈ C 5 . Therefore, if (a, b, c) ∈ A 5 then the corresponding periodic configuration ϕ(x) is H 0 -periodic ground state. This completes the proof. [10] .
Remark 4.1. Notice that periodic configurations (ground states) described in (i) Theorem 4.1 are translation-invariant. Full description of translation-invariant ground states has been carried out in

Weakly Periodic Ground States
In this section, we describe H A -weakly periodic ground states. In what follows, H A stands for the normal subgroup of index two. Due to the definition of weakly periodic configuration, we infer that each H A -weakly periodic configuration has the following form:
Hence, all possible weakly periodic (non periodic) ground states have the following forms: 
Let C b ∈ H 0 , then we have the following possible cases a)
(2) = 3, ϕ 1,b ∈ C 3 . Therefore, the configuration ϕ 1 is a weakly periodic ground state on the set
Therefore, configuration ϕ 2 a weakly periodic ground state on the set
Therefore, configuration ϕ 3 a weakly periodic ground state on the set A 2 ∩ A 7 ∩ A 9 = A 7 = A 9 . 4) consider
(1) = 3, ϕ 4,b ∈ C 9 . Therefore, configuration ϕ 4 a weakly periodic ground state on the set A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 . 5) Consider
(2) = 3, ϕ 5,b ∈ C 3 . Therefore, configuration ϕ 5 a weakly periodic ground state on the set A 2 ∩ A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 . 6) Consider
Therefore, configuration ϕ 6 a weakly periodic ground state on the set A 2 ∩ A 7 ∩ A 9 = A 7 = A 9 . 7) Consider
Therefore, configuration ϕ 7 a weakly periodic ground state on the set
Therefore, configuration ϕ 8 a weakly periodic ground state on the set A 2 ∩ A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 . 9) Consider
Therefore, configuration ϕ 9 a weakly periodic ground state on the set A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 .
10) Consider
Therefore, configuration ϕ 10 a weakly periodic ground state on the set
= 1, ϕ 11,b ∈ C 7 . Therefore, configuration ϕ 11 a weakly periodic ground state on the set A 2 ∩ A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 .
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12) Consider
Therefore, configuration ϕ 12 a weakly periodic ground state on the set
= 2, ϕ 13,b ∈ C 7 . Therefore, configuration ϕ 13 a weakly periodic ground state on the set A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 .
14) Consider
(2) = 3, ϕ 14,b ∈ C 3 . Therefore, configuration ϕ 14 a weakly periodic ground state on the set A 3 ∩ A 7 ∩ A 9 = A 7 = A 9 . 15) Consider
= 3, ϕ 15,b ∈ C 3 . Therefore, configuration ϕ 15 a weakly periodic ground state on the set A 3 ∩ A 5 ∩ A 8 = A 5 = A 8 .
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16) Consider
Therefore, configuration ϕ 16 a weakly periodic ground state on the set
Therefore, configuration ϕ 17 a weakly periodic ground state on the set
Therefore, configuration ϕ 18 a weakly periodic ground state on the set We conclude that the configuration ϕ(x) is a ground state on the set {(a, b, c) ∈ R 3 : a = b = c}. Therefore, if (a, b, c) / ∈ {(a, b, c) ∈ R 3 : a = b = c}, then the weakly periodic configuration ϕ(x) is not a weakly periodic ground state.
As above, we analyze all possible cases, except for periodic (in particular translationinvariant) configurations and the configurations mentioned in assertions I and II we find that none of them is a ground state. This finishes the proof of Theorem 5.1. Aknowledgments. The author RM thanks IIUM for providing financial support (grant FRGS 14-116-0357) and all facilities. The author also thanks the organizers of the 37-th International Conference on Quantum Probability and Related Topics (QP37) for travel support.
